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Tuning of Coning Algorithms to Gyro Data
Frequency Response Characteristics

J. G. Mark¤ and D. A. Tazartes†

Litton Guidance and Control Systems, Woodland Hills, California 91367

Substantial efforts have gone into the development of sophisticated algorithms that reduce system drift errors
in the presence of coning motion. Present-day algorithms form high-order coning correction terms using multiple
incremental angle outputs from the gyros. These algorithms assume a � at transfer function for the processing of
the incremental angle outputs and are structured to yield very high-order responses. However, these algorithms
do not address the issue of nonideal gyro frequency response or of � ltered gyro data. Many gyros exhibit complex
frequency responses and violate the assumptions used in deriving the previously developed coning algorithms.The
mismatchbetween the assumed and actual frequency response of the gyro data leads to degradationof performance
in a coning environment as well as ampli� cation of pseudoconing errors. A method of deriving algorithms that are
tailoredto the frequency response of the particular typeof gyrosused is presented. Thesealgorithmscanbe designed
to arbitrarily high order and can also supply an extremely sharp high-frequency cutoff to minimize pseudo-coning
errors. Additionally, this method can be used to design coning algorithms that are tuned to deliberately � ltered
gyro data. The technique developed equally applies to mechanical, � ber-optic, and other types of gyros.

Introduction

I N a strapdown inertial navigation system, angular rotation mea-
surementsareprocessedand integratedto formanattitudequater-

nion or matrix that describes the attitude of the system with respect
to a stabilized reference coordinate system. Attitude integration is
complicated by the noncommutativityof rotations and by � nite in-
strument sampling rates. This becomes a problem if the axis of ro-
tation changes directions dynamically. In this case, it can be easily
shown that the attitude of a body depends not only on the magni-
tude but also on the order of the rotations performed. If the order
is not properly tracked, then attitude errors will result, and navi-
gation performance will be seriously degraded. Coning motion is
one particular input used to evaluate strapdown inertial navigation
systems and attitude integrationalgorithms.Coning is a demanding
type of motion, and algorithms that operate satisfactorily in this en-
vironment will satisfy most other requirements. In coning motion,
one (or more) axes of the system sweeps out a cone in space. The
Goodman–Robinsontheorem1 states that the outputof a gyro whose
sensitive axis is along a coning axis will be equal to the solid angle
swept by this axis, even thoughthere is no net rotationproduced.An
appropriateattitude integration algorithm can process three axes of
information from orthogonal gyros and reconstitute the actual mo-
tion. However, an additional complication lies in that, in practice,
instrument (gyro) outputs are only sampled at � nite rates. The sam-
pling bandwidth limitation must, therefore, be taken into account.
In the past, coningalgorithmshave beenused to improveattitudein-
tegration algorithmsusing sampled gyro data. These algorithms are
discussed in several references, such as Refs. 2–7. However, these
publications deal with ideal gyroscopes. In many instances, gyro
outputs have a shaped frequency response or are � ltered to reduce
other errors such as quantization8 or vibration-induced errors. In
these cases, the traditional coning algorithms do not work to high-
orderaccuracy.Pseudoconingis an additionalconcern.For example,
some types of gyroscopes respond to high-frequencyvibration and
generate erroneous high-frequency outputs. These erroneous out-
puts, combined with true angular motion at the same frequency,
will cause an erroneous coning correction and will actually am-
plify this pseudoconingerror. Paradoxically,the more effective and
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widebandthe coningalgorithm,the morepseudoconingerrorwill be
generated.The use of appropriately� ltered data and properly tuned
coning algorithms provides the added bene� t of reduced pseudo-
coning error by permitting a sharp cutoff in the coning algorithm
response. This paper discloses a method of tuning high-order con-
ing algorithmsto match the frequencyresponsecharacteristicsof the
gyroscopes or of the � lters used to preprocess the gyroscope data.
These algorithms achieve high-order corrections despite nonideal
gyro frequency response while also exhibiting sharp cutoffs.

Coning Algorithms
The usual method of generating high-order coning algorithms,

that is, algorithms that approach ideal coning response, begins with
a postulated coning motion about the z axis as described in the � rst
part of the Appendix. Each attitude update requires a vector an-
gle D Á, which is a single-axis rotation describing the net attitude
change from the beginningto the end of the interval in question.The
problem is in that the gyro incremental angle outputs 1µ are only
an approximation to the components of the required vector angle.
To improve the approximation, each attitude integration interval is
divided into m subintervals of equal duration. Gyro data samples
from the subintervals are processed to yield a high-order approxi-
mation of the vector angle. The correction D Á ¡ D µ is formed by
combiningcrossproductsof the D µi of the m subintervals.Figure 1
shows an example for the case m D 4.

In this case, there are six possible vector cross products that
can be formed, and these are grouped in three different cate-
gories depending on the spacing between the data samples: spac-
ing 1, D µ1 £ D µ2, D µ2 £ D µ3 , and D µ3 £ D µ4; spacing 2,
D µ1 £ D µ3 , and D µ2 £ D µ4; and spacing 3, D µ1 £ D µ4.

In general, there are m ¡ 1 possible spacings and C2
m possible

vector cross products (VCP). Each category of cross products is
described by the quantity C p.n/; where

C p.n/ D . D µnm £ D µnm C p/kth component (1)

It can be shown that all cross products with the same spacing have
the same k component and that the result for CP .n/ is independent
of n. The time-varying (ac) components, that is, i and j, have only
higher-order terms and can be ignored. The coning correction is
formed by taking a linear combination of CP that approximates the
difference between D Á and D µ. Compensation can be achieved
to an order commensurate with m. That is, the relative residual
error behavior is up to the (2m)th power of frequency. Methods of
solvingfor the coef� cientsof the CP are given in several references,
including Refs. 4 and 5. These methods expand the coning error
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Table 1 Standard coning algorithm coef� cients

Number of Cross-product Cross-product Residual error
subintervals M Order distance coef� cient coef� cient

1 2 N/A N/A ¡1/3!
2 4 1 2/3 ¡4/5!
3 6 1 27/20 ¡36/7!

2 9/20
1 214/105

4 8 2 92 / 105 ¡576/9!
3 54/105
1 1375/504

5 10 2 650 /504 ¡14,400/11!
3 525/504
4 250/504

Fig. 1 Gyro data intervals.

Fig. 2 Standard coning algorithm error response.

( D Á ¡ D µ/kth component and cross-product families CP into Taylor
series expressed in terms of powers of frequency.The � rst m terms
of the coning error series are equated to the corresponding terms of
a linear combinationof crossproducts,and the coef� cients applying
to those cross products are solved for. Thus, the error corresponding
to the � rst m terms in the coning error expansion are completely
compensated. For example, for a four-sample algorithm, that is,
m D 4, the ideal coning correction is given by

D Á ¼ D µ C .1=105/.214VCP1 C 92VCP2 C 54VCP3/

where

VCP1 D a D µ1x D µ2 C b D µ2x D µ3 C c D µ3x D µ4 a C b C c D1

VCP2 D d D µ1x D µ3 C e D µ2x D µ4 d C e D 1

VCP3 D f D µ1x D µ4 f D 1

Table 1 summarizes the VCP coef� cients for the � rst � ve algo-
rithms.The corresponding coning error relative residual plots are

given in Fig. 2 where f is the coning frequency and 1t is the
sample interval for the angle increments.

Note that the algorithm frequency response follows the (2m) or-
der discussedearlier.Furthermore, the algorithmsessentiallycut off
at the Nyquist frequency ( f 1t D 1

2
) and some overshoot (error am-

pli� cation) occurs between the Nyquist frequencyand the sampling
frequency. This results from the usual aliasing problems occurring
with sampleddata. In general,we would like as sharpa cutoff as pos-
sible to maintain coning rejection at lower frequencies along with
the minimum ampli� cation of errors above the Nyquist frequency.
Some instruments also exhibit pseudoconing, that is, an erroneous
high-frequencyoutput, which does not re� ect true physicalmotion.
It is, therefore, desirable to cut off sharply the frequency response
of the coning algorithm to avoid compensation of an apparent (not
real) coning motion.

Coning Algorithm for Frequency-Shaped
Gyro Data: Example

An excellent example of frequency-shapedgyro data is that dis-
cussed in Ref. 8, where a resolution-enhancement technique that
can be applied to laser gyroscopes is discussed. What is described
is a method of reducing quantization noise by using a digital an-
tialiasing � lter. This � lter, which operates with high-speed sam-
pling, greatly improves the resolutionbut also shapes the frequency
response of the data. This example is chosen because of the sim-
plicity of the � lter’s transfer function. It is also a real applicationof
the technique described in this paper. A completely general treat-
ment is also pursued in the Appendix. The transfer function of the
resolution-enhancement frequency shaping8 is given by

F.!/ D
sin

¡
1
2 !1t

¢

1
2
!1t

(2)

where ! is the coning (angular) frequency and 1t the sampling
interval for the angle increments.

If the resolution-enhanceddata are used, each incremental angle
will be shaped by the preceding response function as a function of
frequency.This, in turn,affects the series expansionof theVCPs that
are created from the incremental angles. That is, each of the VCPs
described earlier will have a different series expansion in terms of
frequency.

The VCP coef� cients shown in Table 1 were derivedin the case of
an ideal incrementalangle frequencyresponse.These will no longer
be applicable in the case of the frequency-shapeddata. If used in a
coning algorithm with resolution-enhanceddata, these coef� cients

Fig. 3 Coning error response for algorithms tuned for resolution-
enhanced data.
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will result in signi� cantly degraded coning performance. Nonethe-
less, using the technique derived in the Appendix, it is possible to
derive modi� ed coef� cients that are speci� cally tuned to the � lter
transfer function of Eq. (2). These coef� cients are given in Table 2
for two, three, four, and � ve sample algorithms. These could of
course be computed for any number of samples.

Figure 3 shows the relative coning error response for these al-
gorithms (tuned for resolution-enhanceddata) as a function of fre-
quency. Note that the residual error coef� cients are slightly larger
than in the case of un� ltered data but only marginallyso. The coning
response is again seen to cut off at the Nyquist frequency.However,
the cutoff is much sharper with much less overshoot, that is over-
compensation, beyond the Nyquist frequency. These algorithms,
therefore, take advantage of the band limiting provided by the data
pre� lteringtherebyavoidingaliasingaswell as pseudoconingerrors.

Figures 4 and 5 were additionally generated to compare the
coning algorithm frequency response (as opposed to relative er-
ror response). Figure 4 shows the coning algorithmresponse for the
four-sample eighth-order algorithm operating on un� ltered data.
Figure 5 shows the four-sample, eighth-order algorithm response
using resolution-enhanceddata with appropriate tuning. Compari-

Fig. 4 Standard coning algorithm response.

Fig. 5 Resolution-enhanced coning algorithm response.

Table 2 Coning algorithm for resolution-enhanced data

Number of Cross-product Cross-product Residual error
subintervals M Order distance coef� cient coef� cient

1 2 N/A N/A ¡30/5!
2 4 1 3/4 ¡294/7!
3 6 1 124/80 ¡4,920/9!

2 33/80
1 17,909/7,560

4 8 2 5,858/7,560 ¡124,456/11!
3 3,985/7,560
1 193,356/60,480

5 10 2 66,994/60,480 ¡4,638,816/13!
3 65,404/60,480
4 29,762/60,480

Fig. 6 Resolution-enhanced coning error response for large motions.

son of Figs. 4 and 5 clearly illustrateshow the � ltereddata algorithm
provides a much sharper cutoff.

Simulation
To verify the proper operation of the coning algorithms, a simu-

lation was constructedand a coning motion was applied to the algo-
rithms. The results agree with the predictions. In fact, Figs. 1 and 2
are the result of simulation, and the slopes agree with the theoretical
predictionsgiven in the last column of Tables 1 and 2, respectively.
In addition, an eighth-orderalgorithm(m D 4) simulationwith very
high coning rates was also attempted. This case is shown in Fig. 6
for the resolution-enhanceddata condition. Figure 6 shows excel-
lent agreementwith the lower coning rate case with deviationsonly
occurring at low frequency,where the angle excursions of the cone
are extremely large. Even so, the algorithmdoes not break down but
smoothly transitions to a lower order.

General Case
The example presented in the preceding section applies to the

frequency response of the resolution enhancement � lter described
in Ref. 8. However, the technique can be applied in general to any
frequency-responsefunctionthat approachesunityat zero frequency
and that remains bounded for all frequencies. The Appendix pro-
vides a generalizedset of equations,which can be used to determine
the properly tuned coning algorithmcoef� cients for any frequency-
response function meeting these criteria. The method simply in-
volvesequatingterm-by-termthecoef� cientsof the seriesexpansion
of the coning compensationobtainedusing the � ltered gyro data on
one hand and thoseof the desired coningcompensationon the other.
The prescribedmethod results in a systemof linear equations,which
canbe solvedfor theappropriateset ofconingalgorithmcoef� cients.
The solution to the system of Eqs. (A54) yields the coef� cients for
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a generalized gyro data frequency-responsefunction. It is also rec-
ognized that although Eq. (A54) is a general formulation, for spe-
ci� c frequency-response functions, the series expansions are usu-
ally computed and equated term by term without explicit recourse
to derivative functions.

Conclusions
The preceding discussion shows techniques for tuning coning

algorithms to gyro data with frequency responses deviating from
the normally assumed � at response. The high-order achieved by
previously published coning algorithms is usually lost if such al-
gorithms are applied to nonideal or � ltered gyro data. The coning
algorithm tuning procedure shown here permits the developmentof
algorithmsthat achievehigh-orderresponseusing � lteredgyro data.
In addition, the technique can be used in general to tune coning al-
gorithms to gyro characteristicsdeviating from the ideal condition,
as is often the case in mechanical gyroscopes. Coning algorithms
for � ltered or shaped data can be implemented in exactly the same
form as for un� ltered data. The only change required is the tuning
of the VCP coef� cients to match the gyro data frequency response.
Numerousadvantagescan be gainedusing the techniquesdescribed.
These include the possibility of using high-order algorithms with
gyros having nonideal response or the deliberate use of � ltering to
eliminateundesiredhigh-frequencycontent that can lead to pseudo-
coning.The use of � ltereddatawith the coningalgorithmsdescribed
permits a very sharp cutoff at the Nyquist frequency with substan-
tially reducedovershootand overcompensationat frequenciesabove
Nyquist alongwith very high-orderresponsein the frequencyranges
of interest.

Appendix: Derivation of Coning Algorithms
Coning Motion

A pure coning motion can be represented in terms of the vector
angle Á, where

Á D " sin.!t/i C " cos.!t/ j (A1)

where " is the cone half-angle, ! is the angular frequency, and t is
time. The unit vectors i and j are orthogonaland normal to the Euler
axis. The coning motion can also be represented by the quaternion
Qq , where

Qq D fcos."=2/; sin."=2/[sin.!t/i C cos.!t/ j ]g (A2)

The angular rate vector X can be found using the quaterniondiffer-
ential equation

d Qq
dt

D
1

2
Qq X (A3)

or

X D 2 Qq¤ dq

dt
(A4)

where the asterisk denotes the conjugate of the quaternion wherein
the vector components are reversed in sign:

X D 2fcos."=2/; ¡ sin."=2/[sin.!t/i C cos.!t/ j ]g!

£ f0; sin."=2/[cos.!t/i ¡ sin.!t/ j ]g (A5)

X D ![0; sin " cos.!t/i ¡ sin " sin.!t/ j C 2 sin2."=2/k] (A6)

The gyro incremental angle output is given by

1µ D
Z ¡

n C 1
2

¢
1t

¡
n ¡ 1

2

¢
1t

X dt (A7)

1µ D !1tfsin " sinc.!1t=2/[cos.n!1t/i ¡ sin.n!1t/ j]

C 2 sin2."=2/kg (A8)

where, as commonly de� ned, sinc.x/ ´ sin.x/=x :
In strapdown systems, the quaternion is updated using a transi-

tion quaternion derived from the gyro incremental angle outputs.

However, the exact transition quaternion can be computed for the
coning motion using the expressions

Qqn C 1
2 D Qqn ¡ 1

2 Qq. D Á/ or Qq.D Á/ D Qq¤n ¡ 1
2 Qqn C 1

2 (A9)

Qq. D Á/ D
¡¡

cos."=2/; ¡ sin."=2/
©
sin

£¡
n ¡ 1

2

¢
!1t

¤
i

C cos
£¡

n ¡ 1
2

¢
!1t

¤
j
ª¢¢¡¡

cos."=2/; sin."=2/
©
sin

£¡
n

C 1
2

¢
!1t

¤
i C cos

£¡
n C 1

2

¢
!1t

¤
j
ª¢¢

(A10)

Qq. D Á/ D fcos2."=2/ C sin2 ."=2/ cos.!1t/; sin" sin.!1t=2/

£ [cos.n!1t/i ¡ sin.n!1t/ j] C sin2 ."=2/ sin.!1t/kg
(A11)

Now

Qq. D Á/ D [cos.j D Áj=2/; sin.j D Áj=2/ 11Á ] (A12)

Hence,

D Á D 2
sin¡1.j D Áj=2/

sin.j D Áj=2/

³
sin

j D Áj
2

11Á

´
(A13)

Equating the magnitudesof the vectorparts of Eqs. (A11) and (A12)
yields

sin.j D Áj=2/ D
p

sin2 " sin2.!1t=2/ C sin4."=2/ sin2.!1t/

(A14)

Utilizing a series expansion sin¡1 x=x »D 1 C 1
3!

x2 C ¢ ¢ ¢ yields the
following approximation for Eq. (A13):

D Á D SF !1t[sin " sinc.!1t=2/ cos.n!1t/i

¡ sin " sinc.!1t=2/ sin.n!1t/ j C 2 sin2 ."=2/ sinc!1tk]

(A15)

where

SF D sin¡1.j1Áj=2/

sin.j1Áj=2/
¼ 1 C 1

3!

µ
sin2 " sin2 !1t

2

C sin4 "

2
sin2.!1t/

¶
(A16)

Note that the scale factor (SF) is basically dependent only on the
magnitudeof .D Á/2 or . D µ/2 and is boundedby [.j X j=2/1t]2 and
not really by " or !, as will be shown. From Eq. (A6),

.jX j=2/1t D !1t sin."=2/ (A17)

and

sin2 " sin2.!1t=2/ C sin4."=2/ sin2.!1t/

D .!1t/2 sin2."=2/ sinc2.!1t=2/[1 ¡ sin2."=2/ sin2 .!1t=2/]

D [.jX j=2/1t ]2 sinc2.!1t=2/[1 ¡ sin2 ."=2/ sin2.!1t=2/]

· [.jX j=2/1t ]2 (A18)

We will ignore the effect of the SF in the remainderof this discussion
because, in practice, the bound is small. Thus, the target D Á desired
for updating the quaternion is given by

D Á D !1t[sin " sinc.!1t=2/ cos.n!1t/i

¡ sin " sinc.!1t=2/ sin.n!1t/ j

C 2 sin2 ."=2/ sinc !1t k] (A19)

Coning Compensation
The normal method of deriving coning algorithms introducedby

Miller3 is to concentrateon the fact that the main differencebetween
D Á and D µ is in the z component. Thus, we want
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1µz C compensation »D 1Áz or

compensation »D 2 sin2 ."=2/.sinc !1t ¡ 1/!1t (A20)

The compensation is obtained by employing cross products of 1µ
from subintervals.

Filtered Data
Now suppose that

1µ D !1tfF.!/ sin " sinc.!1t=2/[cos.n!1t/i ¡ sin.n!1t/ j]

C 2F.0/ sin2 ."=2/kg (A21)

where F.!/ is a digital � lter function for which

F.0/ D 1; lim
! ! 0

F .!/ D 1; jF.!/j · Fmax for all!

(A22)

Equivalent Cone
We now consider a coning motion where the cone angle is a

function of frequency, that is, " D "0g.!/. Then the desired vector
angle D Á is approximately given by Eq. (A15):

D Á D !1tfsin["0g.!/] sinc.!1t=2/[cos.n!1t/i

¡ sin.n!1t/ j] C 2 sin2["0g.!/=2] sinc!1t kg (A23)

We now equate the time-varying(ac) parts of Eqs. (A21) and (A23)
and obtain the following:

F.!/ sin" D sin[g.!/"0] (A24a)

and solving for g(!),

g.!/ D .1="0/ sin¡1[F.!/ sin "] (A24b)

The function g.!/ de� nes the apparent cone resulting from the
� ltered data. The term appearing in the third time-invariant (dc)
component of Eq. (A23) is scaled by the factor

sin2["0g.!/=2] D f1 ¡ cos["0g.!/]g=2

D ..1 ¡ cosfsin¡1[F.!/ sin "]g//=2 (A25)

For either small ! or small ", the preceding factor can be approxi-
mated by

sin2["0g.!/=2] ¼ F2.!/ sin2."=2/ (A26)

SubstitutingEqs. (A24) and (A26) into Eq. (A23) yields the desired
D Á:

D Á D !1tfF.!/ sin " sinc.!1t=2/[cos.n!1t/i

¡ sin.n!1t/ j] C 2F2.!/ sin2."=2/ sinc.!1t/kg (A27)

The compensation is the difference between the k components of
Eqs. (A27) and (A21).

compensation »D 2!1t sin2."=2/[F2.!/ sinc!1t ¡ F.0/]

»D 2!1t sin2."=2/[F2.!/ sinc !1t ¡ 1] (A28)

Note that Eq. (A28) collapses into Eq. (A20) when F(!/ D 1.

Generalized Miller Method3

The generalized Miller method3 breaks up each quaternion up-
date interval into m subintervals of duration 1t . A D µ is obtained
in each subintervaland VCPs formed between the subinterval D µ’s
according to their spacing in time. For example, with m D 4, subin-
terval spacingsof 1, 2, and 3 are possible.A one-subintervalspacing
results in the category-1 cross products D µ1 £ D µ2 , D µ2 £ D µ3,
and D µ3 £ D µ4. A two-subintervalspacing results in the category-
2 cross products D µ1 £ D µ3 and D µ2 £ D µ4 . A three-subinterval
spacing results in the category-3 cross product D µ1 £ D µ4 .

In general, there will be m ¡ 1 possible subinterval spacings and
C2

m possible cross products. Each category of cross products is
described by the quantity C p.n/, where

Cp.n/ D .1µnm £ 1µnm C p/kth component (A29)

It can be shown that all cross products with the same spacing have
the same k component. The ac components, that is, i and j, have
only higher-order terms, that is, "3 and F3.!/, and can be ignored.

Returning to Eq. (A21) and appropriately substituting into the
preceding expression yields

C p.n/ D ¡.!1t/2 F2.!/ sin2 " sinc2.!1t=2/ sin.p!1t/ (A30)

Note that this expression does not depend on n.

Coning Algorithm for Resolution-Enhanced Data (Example)
In the case of resolution-enhanceddata,8

F .!/ »D sinc.!1t=2/ (A31)

It follows that

Cp.n/ »D ¡.!1t/2 sin2 " sinc4.!1t=2/ sin.p!1t/ (A32)

Let ® D !1t ; then

Cp.n/ »D ¡®2 sin2 " sinc4.®=2/ sin.p®/ (A33)

Now

sinc4 ®

2
D ®¡4[6 ¡ 8 cos ® C 2 cos.2®/] (A34)

C p.n/ »D ¡ sin2 "

®2
[6 ¡ 8 cos ® C 2 cos.2®/] sin. p®/

»D ¡ sin2 "

®2
fsin[.p ¡ 2/®] ¡ 4 sin[.p ¡ 1/®]

C 6 sin.p®/ ¡ 4 sin[. p C 1/®] C sin[.p C 2/®]g

»D ¡ sin2 "

®2

(
1X

k D 1

.¡1/k [.p ¡ 2/2k ¡ 1 ¡ 4. p ¡ 1/2k ¡ 1

C 6p2k ¡ 1 ¡ 4.p C 1/2k ¡ 1 C .p C 2/2k ¡ 1]
®2k ¡ 1

.2k ¡ 1/!

)
(A35)

Evaluating the k D 1 and k D 2 terms of the sum reveals that these
are zero for any value of p. Thus, the sum reduces to

C p.n/ »D
sin2 "

®2

(
1X

k D 1

.¡1/k[.p ¡ 2/2k C 3 ¡ 4.p ¡ 1/2k C 3

C 6p2k C 3 ¡ 4.p C 1/2k C 3 C .p C 2/2k C 3]
®2k C 3

.2k C 3/!

)
(A36)

Returning to Eq. (A28), which gives the desired compensation, we
obtain

desired compensation »D 2!m1t sin2."=2/[F 2.!/ sinc !m1t ¡ 1]

(A37)

For resolution-enhanceddata, we substitute Eq. (A31) to yield

desired compensation »D ¡2!m1t sin2."=2/

£ [1 ¡ sinc2.!1t=2/ sinc !m1t ] (A38)
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The bracketed expression in the preceding equation is expanded by
means of trigonometric identities:

[ ] D 1 ¡ 4
m®3

³
1 ¡ cos®

2

´
sin.m®/ D 1 ¡ 1

m®3
f¡ sin[.m ¡ 1/®]

C 2 sin.m®/ ¡ sin[.m C 1/®]g

D 1 ¡ 1
m®3

1X

k D 1

.¡1/k [.m ¡ 1/2k ¡ 1 ¡ 2m2k ¡ 1

C .m C 1/2k ¡ 1]
®2k ¡ 1

.2k ¡ 1/!
(A39)

For k D 1, the expression within the sum vanishes. For k D 2, the
expression corresponding to the sum is 1. Thus, the bracketed
expression can be rewritten as

[ ] D 1
m

1X

k D 1

.¡1/k C 1[.m ¡ 1/2k C 3 ¡ 2m2k C 3

C .m C 1/2k C 3]
®2k

.2k C 3/!
(A40)

Finally, substituting Eq. (A40) into Eq. (A38) yields

desired compensation D 2!1t sin2 "

2

1X

k D 1

.¡1/k[.m ¡ 1/2k C 3

¡ 2m2k C 3 C .m C 1/2k C 3]
®2k

.2k C 3/!
(A41)

Note that for m D 1 no compensationis possibleand that the net error
will be the negative of the desired compensation. The lowest-order
term, expressed as a rate, will be

error rate D ¡ 1
2
! sin2."=2/.!1t/2 (A42)

For m > 1, cross products may be found and applied as compensa-
tion.Linearcombinationsof the (m ¡ 1)categoriesof crossproducts
are found that equal up to the (m ¡ 1)th term of the desired com-
pensation equation. Thus, coef� cients x p are chosen such that

m ¡ 1X

p D 1

C px p D 2!1t sin2 "

2

1X

k D 1

.¡1/k [.m ¡ 1/2k C 3 ¡ 2m2k C 3

C .m C 1/2k C 3]
®2k

.2k C 3/!
(A43)

This is equivalent to the following system of equations [using
Eqs. (A36) and (A43)]:

sin2 "

m ¡ 1X

p D 1

©
[.p ¡ 2/2k C 3 ¡ 4.p ¡ 1/2k C 3 C 6p2k C 3

¡ 4.p C 1/2k C 3 C . p C 2/2k C 3]xp

ª

D 2 sin2 "

2
[.m ¡ 1/2k C 3 ¡ 2m2k C 3 C .m C 1/2k C 3]

with k D 1; : : : ; m ¡ 1 (A44)

Under the assumption of a small ", Eqs. (A44) further reduce to

2
m ¡ 1X

p D 1

©
[.p ¡ 2/2k C 3 ¡ 4. p ¡ 1/2k C 3 C 6p2k C 3 ¡ 4.p C 1/2k C 3

C . p C 2/2k C 3]x p

ª
D [.m ¡ 1/2k C 3 ¡ 2m2k C 3 C .m C 1/2k C 3]

(A45)

For k D 1; : : : ; m ¡ 1, this leads to m ¡ 1 equations with m ¡ 1 un-
knowns (x1; : : : ; xm¡1).

Once the compensation has been applied, a residual error exists,
which is the remaining portion of the desired compensation. The
largest-order term is the mth term of the difference between the

compensation series and the desired series. This can be converted
to a rate by dividing by m1t . The relative error rate (i.e., error rate
normalized to coning rate) will be of order 2m in !1t .

The calculated coning coef� cients xp are given in Table 2 for
several values of m. Computer simulations of present-day coning
algorithms yielded the response graphs shown in Figs. 2 and 4.
Computer simulations of the coning algorithms described yielded
the response graphs shown in Figs. 3 and 5. The results for large
angular rates are shown in Fig. 6.

Formulation for General Filter Function
WhenEq. (A38) is returnedto, the desiredcompensationfor small

angles can be expressed as

desired compensation »D 1
2
m®"2[F2.®/ sinc m® ¡ 1] (A46)

where ® has been substituted for !1t. The applied compensation
according to Eq. (A30) is

applied compensation »D
m ¡ 1X

p D 1

C px p D

¡ ®2"2 F2.®/ sinc2 ®

2

m ¡ 1X

p D 1

sin.p®/x p (A47)

In comparing Eqs. (A46) and (A47), it is apparent that ®"2 appears
in both. Hence, we de� ne the following:

z.®/ D 1
2
m[F2.®/ sinc m® ¡ 1] (A48)

The quantity z.®/ is clearly an even function of ® and may be
expanded into a Taylor series about ® D 0:

z.®/ D 1

2
m

1X

k D 0

®2k

.2k/!

d2k

d®2k
[F2.®/ sinc m® ¡ 1] j® D 0 (A49)

Since

lim
® ! 0

F.®/ D 1

the k D 0 term of the equation is zero. Consequently,

z.®/ D 1

2
m

1X

k D 1

®2k

.2k/!

d2k

d®2k
[F 2.®/ sincm®]j® D 0 (A50)

We also de� ne

y.®/ D 1
®"2

m ¡ 1X

p D 1

C pxp D ¡®F2.®/ sinc2 ®

2

m ¡ 1X

p D 1

sin.p®/xp

(A51)

This is also an even functionof ® and may be expandedinto a Taylor
series,

y.®/ D ¡
m ¡ 1X

p D 1

(
1X

k D 0

®2k

.2k/!

d2k

d®2k

µ
®F2.®/ sinc2 ®

2
sin.p®/

¶­­­­
® D 0

)
x p

(A52)

The k D 0 term of the internal summation is zero and, consequently,

y.®/ D ¡
m ¡ 1X

p D 1

(
1X

k D 1

®2k

.2k/!
d2k

d®2k

µ
®F2.®/ sinc2 ®

2
sin.p®/

¶­­­­
® D 0

)
x p

(A53)

We now equate the � rst .m ¡ 1/ terms of the k series of Eqs. (A50)
and (A53) to yield m ¡ 1 equations with m ¡ 1 unknowns,
x1; x2; : : : ; xm¡1 . For k D 1 to k D m ¡ 1,
m ¡ 1X

p D 1

d2k

d®2k

µ
®F2.®/ sinc2 ®

2
sin.p®/

¶­­­­
® D 0

x p D

¡ 1

2
m

d2k

d®2k
[F2.®/ sinc m®]j® D 0 (A54)



MARK AND TAZARTES 647

The solution to these equations leads to the cancellationof all terms
of order 2m ¡ 2 and below, leaving terms of order 2m in the relative
error rate. This type of analysis may be used for a variety of � lter
functions F .!/ including low-pass � lters of many forms.
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